Abstract. We prove that under some additional conditions, the nonoscillation of the scalar delay differential equatioṅ
Introduction and preliminaries
For a scalar ordinary differential equatioṅ
x(t) + a(t)x(t)
the following simple stability result holds.
Statement 1. If a(t) ≥ α > 0, then Eq. (1) is exponentially stable.
It is obvious that for x(0) > 0 the solution of Eq. (1) is positive. The aim of this paper is to extend Statement 1 to the general linear differential equation with several delayṡ As a consequence of this result, we construct (for the first time, to the best of our knowledge) an exponentially stable differential equation with two delays and oscillating coefficients.
We study the stability of equations with positive and negative coefficients, establish a relation between the nonoscillation and positiveness of the fundamental function, and obtain new sufficient conditions when the fundamental function is positive.
A connection between the nonoscillation and exponential stability was also discussed in recent paper [16] , where the authors considered a rather general linear functional differential equation with an autonomous main part.
Publications on the existence of positive solutions for functional differential equations, though quite a few (see recent papers [9, 17, 11, 14, 15] , monographs [10, 1, 12] , and the references therein), are still less numerous than literature on oscillation.
Györi recently formulated (in a private communication) the following problem, which is close to the topic of the present paper.
Proposition. Assume that Eq. (2) has a nonoscillatory solution. Find necessary and/or sufficients conditions which imply that Eq. (2) is asymptotically stable.
We consider the scalar delay differential equation (2) under the following conditions: (a1) a k (t) are Lebesgue measurable functions essentially bounded for t ≥ 0; (a2) h k (t) : [0, ∞) → R are Lebesgue measurable functions, h k (t) ≤ t, lim sup t→∞ h k (t) = ∞.
We assume that conditions (a1) and (a2) hold for all models considered in this paper, including equations with positive and negative coefficients.
Together with Eq. (2), for each t 0 ≥ 0, we consider an initial-value problemẋ
We also assume that the following hypothesis holds: Definition. For each s ≥ 0, the solution X(t, s) of the probleṁ
is called the fundamental function of Eq. (2). We assume that X(t, s) = 0, 0 ≤ t < s.
Lemma 1 (see [13, 3] ). There exists one a unique solution of problem (3), (4) which can be presented in the form
where ϕ(t) = 0 for t > t 0 .
The paper is organized as follows. Section 2 deals with nonoscillation conditions for Eq. (2), including equations with positive and negative coefficients. Section 3 involves sufficient stability conditions for general equation (2) with a positive fundamental function.
Nonoscillation
Definition. We say that a solution of Eq. (2) is nonoscillatory if it is either eventually positive or eventually negative. Equation (2) is nonoscillatory if it has a nonoscillatory solution. The fundamental function is positive if for some t 0 ≥ 0, we have X(t, s) > 0, t ≥ s ≥ t 0 .
Since X(t, t 0 ) is a solution of (2), the positiveness of the fundamental function implies the nonoscillation.
Generally, the converse statement is not true (see Example 1 below), but we have the following result.
Lemma 2 (see [4]). Assume that there exists a positive solution of the inequalityẏ
(t) + m k=1 a + k (t)y(h k (t)) ≤ 0.
Then the fundamental function X(t, s) is positive.
As a consequence, we obtain that for Eq. (2) with nonnegative coefficients (a k (t) ≥ 0), the nonoscillation implies the positiveness of the fundamental function.
There are only few explicit positiveness conditions for the fundamental function of Eq. (2), for example, the following well known test.
Lemma 3 (see [12] ). If
then Eq. (2) has a nonoscillatory solution and its fundamental function is positive for t ≥ s ≥ t 0 .
Some sufficient nonoscillation conditions for Eq. (2) with nonnegative coefficients can be found in the recent paper [5] .
First, consider the equation with two delays and coefficients of different
where a(t) ≥ 0 and b(t) ≥ 0.
The following example shows that, in general, nonoscillation does not imply positiveness of the fundamental function for Eq. (8).
Example 1.
Consider the following delay differential equation:
where
Here [t] is the maximal integer not exceeding t. We have
Integration of (9) from 2n to 2n + 1 leads to
Integration of (9) from 2n + 1 to 2n + 2 gives
Between integer points t = k and t = k + 1, any solution is a linear function.
The eigenvalues of A are 2 and −1 with the corresponding eigenvectors (1, 2) T and (0, 1) T . The latter eigenvalue corresponds to the fundamental function X(t, s), where s is an even integer s = 2n:
thus, the fundamental function is not eventually positive, while there is a positive solution for x(−1) = 1 and x(0) = 2 corresponding to the former eigenvalue:
We obtain here new results and recall some recent results for Eq. (8) and also for a general equation with positive and negative coefficients.
The following lemma states sufficient conditions when the fundamental function of (8) is positive.
Lemma 4 (see [8]). Assume that a(t) ≥ b(t) ≥ 0 and g(t) ≥ h(t) and there exists
lim sup
Then Eq. (8) has a nonoscillatory solution and its fundamental function is positive.
Assuming that λ = 1/e in Lemma 4, we obtain the following assertion.
Corollary 1. Assume that a(t) ≥ b(t) ≥ 0, g(t) ≥ h(t), and
Then Eq. (8) has a nonoscillatory solution and its fundamental function is positive.
Remark (see [8] ). The coefficient 1/e of b(s) in (12) cannot be improved.
The proof of Lemma 4 is based on the following important result.
Lemma 5 (see [8] ).
, and there exists t 1 ≥ 0 such that the inequality
has a nonnegative locally integrable solution, where we assume u(t) = 0, t < t 1 . Then for the fundamental function of Eq.
Consider together with (8) the following comparison equation:
Proof. The function u(t) is also a solution of (13), where a(t), b(t), h(t), and g(t)
are replaced by a 1 (t), b 1 (t), h 1 (t), and g 1 (t), respectively. By Lemma 5, Eq. (14) has a positive fundamental function.
Consider the following autonomous equation with two delays:
where a ≥ 0, b ≥ 0, a = b, and τ ≥ σ ≥ 0. By Lemma 5 the existence of λ > 0 satisfying the inequality λ ≥ ae λτ − be λσ (16) implies that the fundamental function of Eq. (15) is eventually positive.
In the case where the conditions of Lemma 6 hold for Eqs. (8) and (15), we obtain the following result. 
Theorem 1. Assume that
Then there exists a positive solution of inequality (16) .
Proof. Since e u > 1 + u for any positive u, it suffices to prove that there exists a positive solution of the inequality
which is equivalent to the following:
Inequalities (17) imply that
is a positive solution of (18) and thus of inequality (16).
Corollary 2. Assume that the conditions of Lemma 7 hold and τ > σ. Then the autonomous equation (15) is nonoscillatory and for its fundamental function we have X(t, s) >
Example 2. Consider the equatioṅ
By Corollary 2, if a < 0.686, then the fundamental function of this equation is positive.
Theorem 2. Assume that a(t) ≥ b(t) ≥ 0, g(t) ≥ h(t), a(t) = b(t) almost everywhere, and
where positive numbers A, B, τ , and σ satisfy the following inequalities (almost everywhere):
for sufficiently large t. Then the fundamental function of Eq. (8) is positive.
Proof. The conditions of the theorem imply that (20) and (21) hold for t ≥ t 0 for some t 0 ≥ 0. Let us show that the function
, is a solution of inequality (13) for some λ > 0 or, equivalently, that λ is a solution of the inequality
By Lemma 7, the inequality λ ≥ Ae λτ − Be λσ , where A, B, τ , and σ are defined in (20), (21), has a positive solution λ 0 . This number is also a positive solution of inequality (22). Lemma 5 implies that the fundamental function of (8) is positive.
Example 3. Consider the equatioṅ
where a > 0. For g(t) = t − π, Theorem 2 gives a better estimate a < 0.154 (see Example 2) of the parameter a than Corollary 1, but the corollary gives a unique estimation for all delays g(t). Now we consider a general equation with positive and negative coefficientṡ
For all parameters of (24), we assume that conditions (a1) and (a2) hold and a k (t) ≥ 0 and b k (t) ≥ 0. Denote by X(t, s) the fundamental function of Eq. (24). We will show that the problem of the positiveness of X(t, s) for general equation (24) can be reduced to the same problem for Eq. (8) with two delays. Denote
( 
(t), b(t), h(t), and g(t) are defined in (25). Then the fundamental function of Eq. (24) is positive.
Proof. Without loss of generality, we can assume that t 1 = 0 in (13) . Denote
x(t) = X(t, 0). By Lemma 8 there exist H(t), G(t), min
k h k (t) ≤ H(t) ≤ max k h k (t), and min k g k (t) ≤ G(t) ≤ max k g k (t)
such that x(t) is also a solution of the equationẋ (t) + a(t)x(H(t)) − b(t)x(G(t))
is a solution of (13) (which exists by the assumption of the theorem), then u(t) is also a solution of (13), where h(t) and g(t) are replaced by H(t) and G(t). Then by Lemma 5 x(t) = X(t, 0) > 0. The general case of X(t, s) is considered similarly.

Corollary 3. Assume that max
k h k (t) ≤ min k g k (t
) and all conditions of Theorem 1 (Theorem 2) hold, where a(t), b(t), h(t), and g(t) are defined in (25). Then the fundamental function of (24) is positive.
Stability
In the rest of the paper, we assume that for Eq. (2), lim sup
This means that for the exponential stability, which is studied in this section, we need the boundedness of all delays.
Definition. Equation (2) is (uniformly) exponentially stable if there exist K > 0 and λ > 0 such that the fundamental function X(t, s) of Eq. (2) has the estimate
For linear equation (2), this definition is equivalent to the uniform asymptotic stability [13] and the exponential stability does not depend on the values of parameters of the equation on any finite interval. All restrictions on the parameters of equations should be satisfied only for sufficiently large t, as will be justified in Lemmas 9 and 10.
Lemma 9. Assume that there exists K 1 > 0, λ > 0, and t 0 > 0 such that the fundamental function X(t, s) of Eq. (2) has the estimate
Then estimate (28) holds for some K > 0.
Proof. Conditions (27) imply that there exists H > 0 such that
For 0 ≤ s ≤ t ≤ t 0 , we have (see [13] )
By (6) for t ≥ t 0 we have
where X(h k (τ ), s) = 0 and h k (τ ) ≥ t 0 . Hence
we have estimate (28).
Lemma 10. Consider the differential equatioṅ
is also exponentially stable.
Proof. We have X(t, s) = Y (t, s), t 0 ≤ s ≤ t, where Y (t, s) is the fundamental function of Eq. (29)
. Thus, the statement of the lemma follows from Lemma 9.
Let us formulate a Bohl-Perron-like result connecting the exponential stability with functional properties of solutions of linear delay differential equations (for references, see the recent monograph [3] ). To this end, we define some functional spaces on semiaxes: L ∞ is the space of all essentially bounded on [t 0 , ∞) functions with the sup-norm
|y(t)|
and C is the space of all continuous bounded on [t 0 , ∞) functions with the usual norm.
Lemma 11 (see [3, 2] 
where X(t, s) is the fundamental function of Eq. (2).
Proof. An immediate computation proves that the function
is a solution of the initial-value probleṁ
Then by (6) we have
which implies the statement of the lemma.
Now we proceed to the first main result of this paper.
Theorem 4. Assume that the fundamental function of Eq. (2) is positive. If there exists
Proof. By Lemma 9, without loss of generality, we can assume that the initial point is zero, X(t, s) > 0, t ≥ s ≥ 0, and G λ (t) ≥ δ > 0, t ≥ 0. By Lemma 11, it suffices to prove that for every f ∈ L ∞ , for the solution of the initial-value probleṁ
By Lemma 12, for f ∈ L ∞ , the following inequalities hold:
Lemma 11 yields that Eq. (2) is exponentially stable.
Corollary 4. Assume that the fundamental function of Eq. (2) is positive and
Proof. Without loss of generality, we can assume
It suffices to prove that for some λ > 0, the positive function G λ (t) is separated from zero.
Let us take t 0 = 0 and λ = 1. There exists t 1 ≥ 0 such that h k (t) ≥ 0, t ≥ t 1 , and e −h k (t) ≤ 1/2, t ≥ t 1 . Then for t ≥ t 1 , the function G(t) defined by (30) has the form
The corollary is proved.
Then Eq. (24) is exponentially stable.
Proof. We consider the case m = n = 1, since the general case is treated similarly. Without loss of generality, we assume that t 0 = 0 and a(t)−b(t) ≥ α > 0. We take ε > 0 such that b(t) < 1 H + 2ε .
We find λ > 0 and δ > 0 such that
Theorem 5 implies the following corollaries. 
and for sufficiently large t,
Then the equationẋ We need the following two results. Together with Eq. (2), we consider the equatioṅ
Denote by X 0 (t, s) and X(t, s) the fundamental functions of Eqs. (2) and (37), respectively, and for every t 1 ≥ 0, consider the following linear equations and linear operators:
Lemma 13 (see [3, 2] 
For the general equation with positive and negative coefficients (24), we can now formulate the second main result of the paper. 
Theorem 6. Assume that the fundamental function
where t 1 is defined in Lemma 13.
Without loss of generality, we can assume that
By Lemma 14, we have
By Lemma 13, Eq. (24) is exponentially stable. 
where a + = max{a, 0}. 
where a − = max{−a, 0}. Equation (45) Since | sin t| + | cos t| ≤ √ 2, we have a 1 (t) + a 2 (t) = 0.5(1.5 − sin t − cos t) > 0.04.
We have a Hence condition (7) holds and, by Lemma 3, Eq. (44) has a nonoscillatory solution. Therefore, Eq. (46) is exponentially stable.
It is interesting to note that, to the best of our knowledge, Eq. (46) is the first example of an exponentially stable delay equation with two oscillating coefficients.
